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1 Our problem: Recovering polynomial multiplicity structures

A wide range of applications in scientific computing require to solve univariate polynomial
equations of the form f(x) = 0, where the coefficients of f are known only approximately,
due to modeling or numerical errors. Although robust algorithms can be used to compute
good approximations of the roots of f, one loses track of their multiplicity, which may be
crucial information depending on the context. Consider for example the polynomial f(z) =
28 —22° — 42 + 6% + 722 — 42 — 4, which easily factors as f(z) = (z — 2)* (z +1)® (z — 1).
We denote by [f] its multiplicity structure, that is, [3,2, 1] in this example. Slight perturbations
of the coefficients of f most often result into 6 distinct roots (some of them might even be
complex), that is, multiplicity structure of the perturbed polynomial is [1,1,1,1,1,1]. It is
therefore tedious to infer [f] for the exact polynomial f from these numerical observations.
Our problem is as follows. Assume we are given:

e aset L ={( ﬁ,ﬁi)}lgigs of approximations of univariate polynomials fi,---, fs of same
degree d, together with error bounds ¢; on their coefficients, and such that we can ask for
arbitrarily precise f;, that is ¢; as small as desired;

e aset M = {mj, - ,m,} of multiplicity structures, such that each m; corresponds to one
fi (and vice-versa), but the corresponding matching is unknown.

We want to solve the following two problems:

1. Find which multiplicity structure m; corresponds to which approximation f;, or ask for
more precision if one cannot certificate the matching.

2. For each 1 < i < s, compute an approximation of the roots of f; according to the multiplic-
ity structure [f;], together with a rigorous bound on the distance between the computed
approximations and the (exact) roots of f;.

2 Application to Puiseux series

This problem originates from the study of singularities of plane algebraic curves, for which
symbolic-numeric algorithms are designed to compute Puiseux series, that is, generalized Taylor
series above singular points. More details can be found in [6l, Chapter 2|, especially in Section
2.4 (in French), or [5] (in English).

The problem itself corresponds to the “second filter”: sorting a set of approximations of uni-
variate polynomials according to a set of multiplicity structures.


cfhp.univ-lille.fr
adrien.poteaux@univ-lille.fr
florent.brehard@math.uu.se
florent.brehard@math.uu.se
florent.brehard@univ-lille.fr
cristal.univ-lille.fr

3 Existing works and suggestions

Following the ideas developed in [9} 10} [I1] for computing approximate numerical ged’s of poly-
nomials, one of us already designed and implemented a first solution (see [6, Section 2.4.2]).
The key point is that the degree of the ged of two polynomials is related to the rank defect of
so-called Sylvester matrices defined from the coefficients of the polynomials. Hence, by using
numerical SVD (Singular Value Decomposition) algorithms, we can tell how many roots a poly-
nomial f and its derivative f’ have in common, and by iterating this process, we recover the
desired multiplicity structure [f].

However, we only used purely numerical algorithms so far, so that we are forced to fix a
threshold under which a small approximate singular value is said to be zero. As a consequence,
this procedure offers no guarantee concerning the computed [f]. Since we already have bounds
on the numerical approximations of the coefficients of f, a possible solution, proposed in [2],
may be to use techniques from interval arithmetics and validated numerics [4, ] to compute
certified enclosures of the singular values. We thus need to understand how existing works on
rigorous SVD, e.g. [7], could efficiently solve our problem.

Another solution, proposed in [3], would be to use SOS (sums of squares) techniques: the idea
is to check whether there exists a polynomial close enough (i.e. at a distance less than €y) to the
given approximation, whose exact roots correspond to a candidate multiplicity structure. It is
possible to certify a negative answer to this question by using sums of squares : one first computes
a rational function % from f and [f]; then, if p — epq is a sum of squares (thus always positive),
we can answer no to our question. Nevertheless, such a strategy needs some improvement: this
uses multivariate polynomials (one variable per multiplicity), leading to expensive computations.
Starting with the highest multiplicity root in the given multiplicity structure may be a good
strategy, which we propose to investigate.

Finally, to improve the accuracy of the computed approximate roots, one can use some well-
suited Newton-like method (that can be adapted once we know the multiplicity of the root, as
proposed in [9]).

4 A roadmap for this internship

Several aspects need to be investigated in order to provide an entirely satisfactory solution to
this problem :

e The first point is to find a valid and efficient strategy to solve the problem. That means
making a literature survey on this topic to decide which existing tools to use, and which
improvements need to be worked out.

e An important goal for our problem consists in designing an algorithm together with a
certified implementation, relying on existing libraries for validated numerics, e.g. Arb [I].

e Finally, another important task is to investigate the bit complexity of this algorithm and
also its accuracy in order to predict how precise the input polynomial coefficients need to
be to solve this problem.

In view of this, such a topic specifically targets students interested in both computer sci-
ence and computational mathematics. Being at the intersection between computer algebra and
numerical analysis, this internship provides an introduction to the emerging trend of certified
symbolic-numeric algorithms to efficiently tackle problems with strong reliability requirements.
A basic background in mathematics as well as programming skills (and motivation!) are needed.
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